Abstract: A Wallace-Simson line of a point J has the property that it passes through the midpoint Q of HJ, where H is the orthocentre. By allowing Q to move on the perpendicular bisector of HJ we obtain generalized Wallace-Simson lines. These turn out to be known in another context.
Introduction
If ABC is a triangle and J is a point on its circumcircle Σ, then the Wallace-Simson line property is that the feet of the perpendiculars L, M, N from J on to the sides of ABC are collinear and LMN is called the Wallace-Simson line. Furthermore, if H is the orthocentre of ABC then the midpoint Q of JH lies on LMN. If instead of taking the feet of the perpendiculars on to the sides, we take the reflections L', M', N' of J in the sides, then L'M'N' is also a straight line which we refer to as the Double Wallace-Simson line of J. As this line is a degenerate Hagge circle it is known that L'M'N' passes through the orthocentre H.
In this article we provide a generalization of this construction, so that the Wallace-Simson line is just a particular case, being one of an infinite number of lines that we refer to as generalized Wallace-Simson lines. Later we identify these lines as ones that are already known, providing an explanation of why these lines are the same as those we describe. Various subsidiary results emerge in the course of establishing these propositions, and we now briefly indicate the plan we adopt to prove them. The method we use is to take J to be the centre of the direct similarity that maps H to Q. We then apply this direct similarity to ABC to get a triangle A o B o C o and it transpires that Σ o , the circumcircle of A o B o C o , shares the point J with Σ and a second point K such that AA o , BB o , CC o concur at K. This is typical of directly similar triangles in perspective, see Wood [1] . When Q is the midpoint of JH triangle A o B o C o has its sides parallel to ABC and is half the size. In all cases it turns out that the line LMN we want is the Double Wallace-Simson line of J with respect to triangle A o B o C o and, being a Double Wallace-Simson, line it automatically passes through the orthocentre of A o B o C o , which by construction is Q. Synthetic considerations may be used to show that L, M, N lie on BC, CA, AB respectively and indeed that LMN is a straight line. The bonus of the analysis is that it highlights the role played by the direct similarity.
Defining the direct similarity
We use Cartesian co-ordinates and take J to be the origin (0, 0) and the centre O of triangle ABC to the point (1, 0). Throughout the calculation the computer algebra package DERIVE was used. If, for the moment, we suppose H has co-ordinates (h, k), then it is straightforward to show that a variable point Q on the perpendicular bisector of JH has co-ordinates (½h -kt, ½k + ht), where t is a variable parameter.
The direct similarity through J that maps H to Q is therefore given by the matrix The co-ordinates of Y and Z may be found from those of X by cyclic change of the symbols a, b, c. The equation of the circle through X, Y, Z may now be calculated and is (2.8)
This circle clearly passes through J and it may be verified by substitution that it also passes through H. Equation (2.8) therefore represents the Hagge circle, centre Q and passing through J and H. Fig. 1 has now been completely analysed and from here the results stated in the introduction follow by synthetic arguments and other known results.
Results
The angle arguments given below are appropriate to the figure at the start of the article and as such are diagram dependent. However, they are easily modified for other possible figures, or may be written in a diagram independent way by working mod π. Since LMN is drawn making right angles with the sides of a triangle which is similar and at a fixed angle to the sides of ABC, it is clear that these lines make equal angles with the sides of ABC. It is interesting to observe that these generalized WallaceSimson lines (sometimes called oblique Wallace-Simson lines) exist only because Double Wallace-Simson lines exist for a smaller similar triangle. The original proof seems to have been by Carnot, the best reference I could find being in Exercises by Frére Gabriel-Marie [2] .
